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1. INTRODUCTION

In recent years, several papers have been devoted to best approximating
in some sense the solutions to various types of nonlinear differential and
integro-differential equations (see, for example, [1, 4, 7-9]). These papers are
generally concerned with proving that a best approximation exists and with
showing that an appropriate sequence of best approximations converges to
a solution of the differential or integro-differential equation. In the previously
mentioned references, the best approximation problem is ordinarily nonlinear
and consequently computational techniques are not readily available.

In this paper we propose to reexamine the best approximation probiem
as posed in [1, 4, 7-9] and discuss alternatives that may result in computa-
tionally obtainable best approximations. Although our discussion is limited
to the initial value problem IVP

&(t) = f(t, x(1), 2(2)),
x0) =c, #0) =,

(1.1)

on the interval I, = [—«, o], the concepts discussed are adaptable to
higher-order differential equations and integrodifferential equations.
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2. Tae BEST APPROXIMATION PROBLEM

Let
Py = {pA4, 1): p(4, 1) = ¢y + 1 + ayt? + - + apt’}, 2.1

where the vector 4 = (ay,..., a;) is an element of £, ;, the (k — 1)-
dimensional Buclidean space. The best approximation problem (essentially
that of any of the above references) is to find an element p(4,* )P,
such that

inf sup | B4, 1) — f(t, p4, 1), p(4, 1)),
= sup | H(Ar*, 1) — f(t, p(4x™, 1), (A4, D). 2.2

We designate establishing the existence of a p(A4,*, 1) € P, that satisfies (2.2)
to be the best simultaneous approximation problem. If such a p(A4,*, ¢) does
exist, then this polynomial is the best simultaneous approximate solution (BAS)
of degree k to the IVP (1.1) on the interval [—o, «].

If (¢} is the solution to (1.1) and if { p(4,*, 1)}, is a sequence of best
approximate solutions, one for each k, then a fundamental question is
whether or not

lim | p(4*, ) — 7l = 0. 23
Hereafter,
Aty = sup | A
]

—a,a

(2.4)

References [1, 4, 7-9] all consider this basic question. It should be noted that
in some of these papers, norms other than the Chebyshev norm are
considered. Our attention is restricted to the Chebyshev norm (2.4).

A basic difficulty of the type of approximation described in (2.2) is that if
f(t, x, X) is nonlinear in x or ¥, then (2.2) is a nonlinear approximation
problem; therefore the BAS of degree k is frequently not casily computable,
(see [6]).

Another way of viewing the approximation problem (2.2) is as follows.
Againlet 4 = (a;,...,a,) € Epy,andlet p(d, 1) == ¢y + 3 + apt? + - + 4, 1*
be the element of P, corresponding to the vector 4. Then (2.2) may be viewed
as finding the 4, * € E,_, (if it exists) that minimizes {| G(4, -}, , where

G(4, t) = P(A’ t) _f(ls P(A> t)’ P(A9 Z)) (25}'

If {G(4, t)}acp, , is a varisolvent family in the sense of Rice [11], then
classical approximation theory techniques could be employed despite the
fact that G(4, r) may be nonlinear in the parameters (a, ,..., @;). We shall
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demonstrate shortly, however, that simple nonlinearities in f(¢, x, X) destroy
all possibilities of varisolvence. Thus, little is known as far as computing a
best approximation for fixed k in the sense of (2.2).

In 1969, Olson [10] and Weinstein introduced a possible alternative to the
approximation problem (2.2). Although their work is basically for the
first-order counterpart to (1.1) (some of their examples are for second-order
equations), we will discuss the procedure in terms of (1.1). Let p(dyy, t) =
¢y + ¢uf. Here Ay is the zero vector in E, . The first subscript is one more than
the dimension of A,, and corresponds to the class of polynomials P, , and
the second subscript denotes the particular iterate in the algorithm presently
being described.

Solve the linear best approximation problem

Inf sup | 54, 1) — f(5, P(dao » 1), Ao » D))

via the second algorithm of Remes. Let (4, , ) be this best approximation,
and set

3
Pl 1) = ¢+ cat - [ (6 — ) B » 5) .
Then p(4y , t) € P, . Now solve the linear approximation problem
inf sup [ B(d, 1) — (& P(dan > ), B, D)
Designate by p(A,s , ) this best approximation and let
i
Pl 1) = o+ cxt + | (0= ) i, 5) 5.
Again, p(d,,,t)eP,. Continuing this process results in a sequence
{ (s, , D)o o CP,. If a subsequence converges to a p(4,,t) € P,, define
P(As . ) = p(4,, 1), where now Ag € E, and p(As,, t)eP;. That is, if

A, = (dy), then Agy = (8yy,0) € E, . The algorithm continues in E, by
now solving the approximation problem

nf sup | #(4, 1) — f(t, p(Asg > 1), P(A3p , 1))
Let $(A4s, , 1) be this best approximation, and again set
i
P(Asy . 1) = ¢y + cuf + fo (t —5) p(As , 5) ds.

Then p(4;, , t) € P . Continuing, one obtains a sequence { p(A4s, , )}no & Ps .



THE INITIAL VALUE PROBLEM 69

If a subsequence converges to p(d,, t)e Py, define p(dy, ) = p{ds, ),
where if A3 = (dys , dag), then Ay = (Gs3, d3 , 0).

Continuing this process (assuming convergence) results in a sequence of
polynomials { p(4; , )5, with p(A4,, ) e P, .

Obvious questions of interest include: (a) When does the sequence
{ p(Ay, , )i possess a subsequence that converges uniformly to an element
p(4; , 1) of P,? (b) How does p(A4,,t) compare to p{4;*, t), the BAS of
degree k7 (c) Does a subsequence of { p(4, , f)}7., converge uniformly to the
solution y(¢) of (1.1), even though the sequences {p(4,?#)}5. and
{ p(A4,*, 1)}y, may differ ? (d) How feasible computationally is the algorithm?
1t should be noted in regard to question (d) that one would ordinarily start
the algorithm with k fairly large initially.

Parts of these questions are considered in [10] but for each fixed & these
results depend on the G(4, 1) of (2.5) satisfying property Z of degree &k — 1
at A* (see Rice [11, p. 3]); that is, if 4* € E;_, and if 4 is any other element
of E,_i, then G(4%*, t) — G(4, 1) can have at most k — 2 zeros on [—a, o).
(Again, p(4*, t) and p(4, t) are elements of P,). It is not likely that property Z
will be satisfied, even if f(¢, x, X) is only “mildly” nonlinear

ExavpLE 1.

i) — () =1, I, = [—a, ol
x(0) = #(0) = 0.

Let the approximation be from P,. Thus every element is of the form
A, 1) = ar®, and 4 = (a). If 4* = (a*) is given then

G(A*, 1) — G4, 1) = (@" — a2 — (a* + @) 1*].

But then G(4* t) — G(A4,t) = 0 for a 5= a* providing a = (2/t*) — a*.
Thus given an a*, there is a f € [—a, o] and a corresponding a # a* such
that @ = (2/())*) — a*. That is, there is a 7€ [—«, a] and an 4 == A* such
that G(4*, ) — G(A4,1) = 0. Thus at A4* property Z of degree one is
violated.

3. BEHAVIOR OF THE ALGORITHM

In this section, we consider an example that demonstrates the types of
answers to questions (a)—(d) that can be expected. The notation of section
two was employed primarily to identify the types of approximation problems
of this paper with the classical approximation theory problem above (2.5).
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For simplicity, some notational changes are now made. If p,*(¢) (instead of
the previously designated p(4,*, 1)) satisfies
inf 50r) — (1
inf sup [ () — 1t p(), H(2))]
= sup | $p"(1) — 1t pi™(®), 2™ ()}, 3.1
then p,*(¢) is the best simultaneous approximate solution to the initial value
problem (1.1). Hereafter, p,*(¢) will be called the BAS of degree k. If
Prlt) = p(Ay, , t) of the previous section, then the algorithm for degree k
of section two becomes
zi»glf sup | B(8) — [, Pruna(); Praa(2))]
k to
= sup | Brea(t) — @, Prein-1(8)s PrenalD))]. (3.2)

If p(t) = p(4, , t) of the previous section (that is, p,(¢) is a cluster point of
the sequence { pp.(t)}n.o}, then under appropriate conditions (Section 4)
px(t) is called a simultaneous approximation substitute of degree k, SAS.

Thus the possibly nonlinear approximation problem (3.1) is replaced by
the linear approximation problem (3.2), and we are interested in the various
properties of BAS and SAS.

ExampLE 2.
&(it) — 3x*(t) =0, I, =[—a o,
x(0) =1, #(0) = 0.

It can be shown that Example 2 has a unique solution for « << 2. The
approximation problem (3.1) for £ = 2 is then to find an a* that satisfies

inEf sup |2a — 31 + at?)? | = sup | 2a* — (1 + a*r?)? |, (3.3)
acky I o

where P, = {p(t): p(t) = 1 + at*}.
The algorithm (3.2) for £ = 2 is to find the a,,, that satisfies

inf sup 20 — (1 + @ | = sUp | 2y — (1 + @D (34)
agby Iy o

That is, the initial guess for the algorithm is py(f) = 1, and then p,,(¢f) =
1 + a,z% Thus for k = 2 the algorithm generates the sequence

{P2(Dhy (3.5
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The table below compares the two approximation problems (3.3) and (3.4)
for various values a.

SAS BAS

62

-
144 | 1402314822 14 02314822
2.2 | 140334352 1 -+ 0.16325¢2
2.7 L Does not exist 1+ 0.04115¢2

Thus the sequence (3.5) converges 10 py(f) = 1 -+ 0.23248:2 for o? = 1.44
and SAS = BAS; for o2 = 2.2 the sequence (3.5) converges to p,(f) =
1 -+ 0.33435¢* but SAS does not equal BAS; finally (3.5) does not converge
for o2 == 2.7, nor does any subsequence of (3.5) converge, and consequently
no SAS exists.

Thus in general, one might expect that the algorithm may not converge
on the entire interval of definition of the IVP (1.1}, but rather on some
smaller interval. Also it might be anticipated that the SAS and BAS of degree
k may be equal on a sufficiently small interval.

4. THEORY OF THE ALGORITHM

In this section we first consider the existence of a SAS of degree k. It is
assumed that f is a real-valued function from [ x R? into R, where
I={—a,al, « < a, and R represents the set of all real numbers.

Since fe C[I x R, | f(¢t, x, X)| < M = M(B) whenever (¢, x, Xyl X R?
and max(| x|, [ x |) << B. For u € CY[I}, define || u(¢)'}; = max{] u{t)], | a(}}),
and let po(t) = ¢ + ¢4f, te L

H,. Let B =14 max,(]i pylli). Choose I, to ensure for all t € I, that
Mmax2 ||, < 1.

if I, is the maximal interval in [ satisfying H, , then for all « < &, I, also
satisfies H, .
Let

Sp ={pePulipt) —p), < Mmax(2]¢], 2%, tel}. (41

Then S, is a compact, convex subset of P, . We now define an operator 7,
on Sy .
For x e C'[1,], let

Fix)(t) = f(5, (6}, %(1)). (4.2
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The set of all polynomials of degree at most & — 2 is denoted Q;,_, . If
ot |[v— Flpll. = 5 — Flpll.., @3

then g(t) = py(t) + [5(z — ) #(s) ds is in P, . Finally, if peS,, define T
on S, by T.p = g. In this case, (d%/dt*)[T, p] = ¢, the best approximation
to F[p]l on I, from Q.

THEOREM 1. The mapping T is a continuous mapping from Sy, into S, .
Proof. Let peS,. Then from the remarks below (4.3), T;,p = g implies

Jof (1o — Flplle = 114 — Flpll., @4.4)

where g€ P, . Let
g(t) — FIpl(t) = e(2). (4.5)

Equalities (4.4) and (4.5) imply
lell. <[ FLp]l,-

Since p €Sy, H, implies that || F[p]ll. < M, and consequently, || e, < M.
From (4.5),

i)~ b)) = [ Flpl)ds + [ ets)ds
and

q@—m@=£%~@ﬂmmm+fa~@mMn

These two equations imply that
1 q(t) — (Dl < M max(2 1], 1%,
and consequently g €S, . Now let € > 0 be given. If p €S, , the classical
Freud Theorem [2, p. 82] implies for any p €.5;, that
d? d? _ -

| G [Tup) — G T | < A, 1 Flp] — FI7lL.. “.6)
Since £ is uniformly continuous on compact subsets of I X RZ?, there exists
ad > Osuch thatif||p — pll, < 8, then

| Flpl =PIl < 5y
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Therefore (4.6) yields

d? d? il 2
H Tt [Twp] — T [T pl w‘u < ZE
This implies | Top — Ty P ll. << €, and consequently, 73 is a continuous
mapping from S, into S, k = 2.

COROLLARY 1. The mapping T, has a fixed point in S, k = 2.

Proof. Since S, is a compact, convex subset of §, the result follows from
Theorem 1 and the Schauder fix point theorem [13, p. 25].

We summarize the results of Theorem 1 and Corollary 1. There exists
a polynomial p € P; such that if we seek the polynomial ¥ € Q,_, that best
approximates the known continuous function F[ p} on 1, , then this polynomial
is just the second derivative of the original polynomial p. Hereafter, any fixed
point of T, is defined to be a SAS of degree k for (1.1) on I,. We have
established for each I, « < @, a SAS of degree & exists for k = 2.

We now examine conditions that ensure algorithm (3.2) generates a SAS
of degree k.

COROLLARY 2. Let I, satisfy Hy. Then the sequence {py,ta_o generated
by (3.2) has a cluster point p,€ Sy, k = 2.

Proof. Since pye Sy and Ty pun = Pr.ns1, the proof of Theorem 1
guarantees that {p;,}n o CS; . Since S; is compact, this sequence has a
cluster point p; .

Before proceeding to the next corollary we note since { o C S5y and

Hﬁk,n+1 - F[pkn]Hoc < H F[plcn]”u < M:

where M is independent of k, the sequence {|| p1, lisyo_q , is uniformly bounded
in k. Thus Corollary 2 implies the sequence {|| $;, |} 5o is bounded.

By the nature of algorithm (3.2), at the n -+ 1 step the alternation theorem
[2, p. 75] guarantees the existence of an extremal set X,, = {f;,, ,..., fzp} C L, .
The sequence of k-tuples {X,}5 o is contained in the compact set [I]* and
consequently has a cluster point X = {¢, ,..., #;}. Without loss of generality

we can assume the subsequences from {X,} o and { pp.}e_, that converge to
X and p,, , respectively, involve the same indices. Consider the error function

ex(t) = pu(t) — Flpel(t), 1€l 4.7
H,. Suppose fort;, t;11 € X that
ek(t,) - —ek(ti+1), i= 1,..., kE—1.
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Remark. The point set X and p, are computable for each k. Hence H,
is checkable for each k. In particular, if the sequence generated by algorithm
(3.2) converges, H, is satisfied.

COROLLARY 3. Foreach fixed k = 2 let p,, be a cluster point of the sequence
generated by algorithim (3.2) on I, , where I, satisfies H, . If H, is satisfied by
the error function (4.7), then

veigkf‘z o — Flpullle = Il o5 — Flpells -

Proof. Let { pra)}ioq converge to p, . Define ey, by

D)1 — FlPun] = €xnip)

where (@¥dtHITiPine)] = Pinty+r - Then the remarks below (4.6) and
equicontinuity of the sequence {F[ py,(»]}i=; imply that if

(@?/dtD[ Ty pr] — Flps] = e,
then ék(t2) - _ék(tl+1) = :[: H ék”cﬂ ’ l = 1,..‘, k _ 1 Thus,

(@/dtD[ Ty pr)(t:) — Flpil(t:) = éx(t,),
and by (4.7)

Plt) — Flpal(t) = ex(t),  i= 1.,k

Consequently,
(@A) T pe)(t) — Br(t:) = elt) — ex(t)s (4.8)

i =1,.., k. But H, and the theorem of de La Vallée Poussin [2, p. 77] then
imply that || &, |, == | ex(t))], i = 1,..., k. Consequently, (4.8) implies

(@) Tpel(t) = pul(t), 1€,

This corollary implies a cluster point of the sequence generated by
algorithm (3.2) is a SAS in the sense of Corollary 1. In the remainder of the
paper we assume for each k that the cluster points of algorithm (3.2) are
SAS’s of degree k on I, .

The results above basically answer question (a) of Section 2. The next
theorem relates directly to question (c). First, a lemma involving fundamental
concepts of approximation theory is proven.

LevMMA 1. The sequence of error functions {e,(t)}r.. defined by (4.7)
converges uniformly to zero on I, , o < &.
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Proof. Using the notation of Jackson’s theorem [12, p. 22], the con-
clusion of Corollary 3 implies that || e, il, = Ey {F[p.]}- Thus we can infer
from Jackson's theorem that

i ex e < bey{of(k — 2)), {4.9)

where ), 1s the modulus of continuity of F[p,](¢) on I, (see [12, p. 14, 22]).
Let € > O be given. Since by Corollary 2 the sequence { §,{¢)}%._, is uniformly
bounded, the sequences {p’(F)}5., I = 0,1 are uniformly bounded and
equicontinuous. Thus the uniform continuity of f(z, x, X) on any compact set
I, x [—N, NP implies that the sequence {F|p,}(¢)}%_. IS an equicontinuous
family. Consequently there exists a 8 > 0 such that | — 5| < § implies
that

| FLpal0) — Flpel(9)) < e,

independent of k. Therefore w,(8) <C ¢, indeperdent of k. If Kis large enough
to ensure that for &k > K, of(k — 2) < 6, then because of the monotonicity
of wy, .

wilofk — 2)) < w(d) < e

Thusforallk > K,
ook — 2)) < e

Inequality (4.9) then implies for all &k = K, || ¢;!l, << 6¢. Consequently
limy.. | e, iy = O.

As previously mentioned, the next theorem of this section basically answers
question (c) of Section 2. It is of interest to note that this theorem is also an
existence theorem for the IVP (1.1}, proven via techniques of approximation
theory.

THEOREM 2. Let the f of IVP (1.1) be as described above H, , and suppose

o <L & Then there is a function y € C*I| and a subsequence { pyy}in, of the
sequence { pi}r_o of SAS’s satisfying

lim | p, — ¥, = 0, i—0.1,2,
joo J o

Moreover, y is a solution to the INP (1.1) on I, .

Proof. Again the sequences {p{?’(#)}5_,, i = 0, 1 are equicontinuous and
uniformly bounded on [,. The Ascoli theorem implies there exists sub-
sequences {pi;17, such that these sequences converge uniformly on Z, to
yO(), i = 0, 1, respectively. Then (4.7) implies that

brey = exty + Flppm ]
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An application of Lemma 1 establishes that
lim u) = FI31(0). 4.10)
But this implies that j exists and
tim || fuy — 5l = 0,

and consequently (4.10) implies that

() = 1@, y(1), (1))

Since each p,;) € Py » ¥(0) = ¢, and y(0) = ¢, , and the proof is complete.

In this section questions (a) and (c) were considered in detail. The next
section is devoted to at least partially answering the somewhat more difficult
question (b).

5. A CompARrISON OF BAS AND SAS

The proof of the main theorem of this section establishes for some
functions fand for « < & and sufficiently small, the BAS and SAS of degree &
are each unique and they are equal. For this proof the function f of (1.1) is
restricted as follows.

Condition Q. (1)
&%, %) =), a(t) x' + Y b)Y
=1 i=1

+ 2 2 () X¥(XY + (D),

i=1 j=1

where a; , b, , ¢;; , and /& are polynomials,
(ii) If p,is a SAS of degree k, then F{p,] ¢ Qs .

If (i) is satisfied, then reference [4] guarantees that for each k& a BAS exists
on I, . Although condition (i) is restrictive, condition (ii) is gencrally not a
significant additional restriction, since evaluating the fin (i) at (¢, p(2), p.(£)),
te I, , would ordinarily result in a polynomial of degree strictly greater than k.
Condition (ii) is needed in Lemma 4 below.

The first theorem of this section is preceded by two lemmas involving
classical ideas of approximation theory.
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Lemma 2. If p(t) is any polynomial of degree ot most n, then

2 . 2% . —_ 2
pen ), < PO Pl 5.)

This result is a direct consequence of Markoff’s inequality; see [2, p. 94,
Problem 4].

LemMMA 3. For each polynomial p(t) = ¢, + S ¢ty I = [—1, 1],

7l
= g
max{l ¢, |11 =0, 1,....,n} < ([(n n 1)/2]) nlp (3.2)
where || p || = max,; ! p(£)].
Proof. Each ¢; = p"¥N0)/i!, i = 0, 1,..., n. Thus
) 1 ‘ . 2, . 1 2 .. _ 7 + 1 2 ) ‘ .
el <l < TOZ O TR sy

by the previous lemma. But

({(n 4,—}/11)/2]> = (IZ) i=0,1,...n,

and consequently, inequality (5.3) implies that

| e, i Iy

i cz l < ({(}’1 + ])/2]) n: ‘WP v‘.a
We note (5.2) is true for the constant polynomial p(z) = ¢, if we adopt the

convention that (J) = 1.

THEOREM 3. Suppose that the f of 1VP (1.1} satisfies condition Q. For

o < &, let p(t) and p*(t) be the SAS and BAS of degree k for the IVP (1.1}
on the interval I, . Then there exists a constant N such that for all « < &,

1Flp,) — Flp, X, < N max { p’ — p@ L. 54

Proof. 'The remarks following the proof of Corollary 2 imply the sets
{Il prllet @ < &) and {|] g ll.: @ < &} are contained in an interval [—N, , Ny]
independent of x. We now show that a similar result is valid for the sets

{pp*laa<al  and  {[p*eie < & (5.5)
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Define
8x(t) = B (1) — Flp*1(2).
Then since p,* is a BAS for each k on [I,, it is clear that the set

{Il 8% lla: « < &} is bounded.
But

max | 0u(0) = max | 5, (ar)l.

Thus condition Q implies that the set
{8 (at): ¢ < &} (5.6)

is a uniformly bounded family of polynomials defined on the interval [—1, 1].
If p.*(t) = ¢y + ¢yt + a*t% -+ -+ 4+ a,*t*, then

Splat) = 2a,* + 6ag*at + - + k(k — 1) a*oF-2t%2
— flat, ¢o + ot 4 o0 + ap*oFtE, oy - 2ay% ok + 0 - kay o).

We note since each BAS depends on the interval I, , each a,* may depend on
. :
The constant term of &,(at) 1s 2a,* — f(0, ¢y, ¢;) and is bounded inde-
pendent of «. Also (5.6) implies the coefficients of powers of 7 are uniformly
bounded in «. Now suppose that | a,* |, | a3* | o.eey | @,,% | ™2 are all
uniformly bounded in «. A careful examination of condition Q implies the
coefficient of ™~ involves only (m + 1) ma}; ;0™ and coefficients already
assumed to be bounded. Thus &% ;o™ ! must be uniformly bounded in c.
Induction thus implies the set {| a,* | «*~2F , is bounded independent of w.
But

I 5x™ |l = max | pp¥(at)|
K2 @* | +6lay™ o+ klk— 1)]a,™ | o*2

Consequently {! p,*ll.: « < &} is bounded, and this implies the sets (5.5)
are also bounded. Without loss of generality, we can assume that these sets
are also contained in the interval [—N;, Nq].

The mean value theorem and condition Q imply that if (¢, x, X) and (s, y, J)
are points of the set S; = I, X [Ny, N, then

If(t!xﬁ)_c)_f(syy9.)7)1<Nmax{[x_y|=!x—~j}l}
Since the above establishes that
& pe(2): 06(t))  and (2, pi™(®), pr*(1))

are in S, for every « < &, the proof is complete.
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Before proceeding to the last two theorems of this section, we state a
fundamental theorem of approximation theory and a lemma related to this
theorem. The lemma is due to Cline [3].

StronG Unicity THEOREM Let G = span{l, f,..., 1"}, I, = [—a, of,
and let Py be the best approximation from G to a given continuous function f.
Then there exists a constant vy depending on f such that for any element P of G,

[f = Pla Z 1= Polla+ vyl Po— Pla.

A more general statement and proof of this theorem can be found in
[2, p. 80].

LemMA 4 (Cline). Let G = span{l, t,..., "}, I, = [—«, o] and suppose
that E = {t;}14] is an extremal set for f — P, , where fe C[—«, «] and P, is
the best approximation from G to f. For i = 1,2,..,n -+~ 1, define g, G by
q{t;) = sgul f(#;) — Pot)), j = L,...,m + 1, j 55 i. Then the v of the strong
unicity theorem may be chosen fo be

y = [ max [ g;[.]™" (5.7

I<iKntl

We note the polynomials {¢; ,..., ¢,41} depend on I, and due to the form
of (5.7), it is assumed that /¢ G.

TrEOREM 4. Suppose the f of INP (1.1) satisfies condition Q. For o < &,
let p(t) and p,*(t) be the SAS and BAS of degree k, respectively, for the
IVP (1.1) on the interval I,. Then there exists a v > 0 such that for every
o < Q,

1 FLpe] — Flpe*lle = v 11 Pe — P e - (5.8)

Proof. By the Strong Unicity Theorem, Corollary 3 and the fact that p.*

is a BAS, there is a positive number y, , possibly depending on «, such that
Vo ll B — Bl <UPe™ — Flpalle — [ 1 — Flpella

< [ pr* — Flpella — 1 2™ — Flp™1 -
Thus

vall Be — Pl < | Flpul — Flpe*]le - (5.9)

Now (5.7) may be used to establish that there is a v independent of « so that
{5.9) holds for all « < &. In fact, Lemma 4 implies we may choose

Yo — [ max ” q; |§a]_17 (510}

Ii<k

640/17/1-6
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where each ¢,(¢) is the polynomial of degree & — 2 or less that solves the
interpolation problem

q:(t;) = sgn{Fpel(t;) — Pult))}
= —sgnle(;)], j=12..k,

i # j; where again {t,,..., ;} is an extremal set for e,(¢). Thus each ¢,(¢)
interpolates the function —e(¢)/|] e |, at the points #;, j = 1,2,..., k; j # 1.
A classical theorem of approximation theory (see [2, p. 60]) establishes that

% ey ™ Il |
‘ 4 Il e lly 1 < & — D'iepils | Willa >
where
k
=1

e

Condition Q implies e,(t) is a nonzero polynomial of degree N, or less,
so that Lemma 2 implies

\ g - % < NP&WNg — 1) - (N — k + 2)f I exllo I Wl '
Il €l Nl (k— D! egll, o2
Therefore
o el < MRS e
Let M, equal the right-hand side of (5.11). Then (5.11) implies
1 qilla < My + 1,
and consequently for all « < &,
[[max || g; L] = (M + D
Thus from (5.9) and (5.10),
y = (M;+ 1) (5.12)

is such that for all « < &,

| ELpx] — Flpe*lle = v | B — Br*lla -

The final theorem of this section partially answers question (b).
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THEOREM 5. Suppose the f of IVP (1.1) satisfies condition Q. For a < &,
let p,(t) and p,*(¢) be a SAS and BAS of degree k == 2 for the IVP (1.1) on the
interval I, . Then there exists an o* < & such that on I« , the SAS of degree k
is unique and is the unique BAS of degree k.

Proof. Suppose by way of contradiction that for every o* < @ there is an
o < a* such that if p,* and p, are the BAS and SAS of degree k on 7, , then
Fi* 5= Py, . From the definition of BAS it must be that
[ 6™ — Flpe*lls < Br — Flpells -

Combining the results of Theorems 3 and 4,

v, — BFI, < Nmax{l pf — pr@i ), (5.13)

i=0,1

where y and N are independent of a.
Let

D) = ¢y 4 oot + axt® 4 o 4 ayt®
and

¥ty = ¢y + oyt + a*t? oo 4 aptrh

Then for i = 0, 1,

I — pE?,
e — e Il
(m+m%—wnw+m+n@~%ﬂ#%w- )
+ [k — i + a, — ) 7)),

T 1 20ay — a) + 6(a; — agt + o+ k(k — 1)(a, — a;) 2],

Again we note @; and a;*, j = 2,..., k, depend on «. Then

TG *(i)

Upi —pe "o
ii Pk - Pk* Ha
<0‘2‘i(k — Dmax{(i + 1) | a, — a,* |,
(m+DmrwﬁMwJ@—UH4“%“%ﬂMﬂ)

= (maxi—l,ﬂ | 2ay — ap™) + 6(ay — ap™) at + - )
+ k(k — Day, — ap*) o252

Now Lemma 3 implies

122 — pE?, k—2

S = (e

k— 1) £
) (e — 1L
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where

Mrs = maX{(i + 1) | ay — az* s (2l + 1) ’ dz — as* f ey
[(k — Di + 11| ay — a,* | o#2}
and

M = Max{2 [ @y — a;* |, 6 [ a3 — ay* [ o, k(k — 1) | @, — a* | o2

Since max{pme/ne > /et < 1, it follows that

Ip =P _ o k-2 _
G hr = (e ) € D1 G19

Thus for every o < &, (5.14) implies

1o — PP, < 7€ B — B*Ml,, =01,

where
k—2
&, = ([(k B 1)/2]) (k — D! (5.15)
Hence from (5.13),
y < Né&, max {a* 7.

But for « small enough, this is a contradiction. Therefore, for fixed k, there
exists an o* <C & such that p,(¢) = $,*(¢), and consequently the SAS and
BAS of degree k are equal on I,..

We note in concluding the proof of this theorem that if o* is sufficiently
small, the above analysis actually implies the SAS and BAS of degree &k are
equal and unique on every [, , o << ™.

Theorem 5 is deficient in that the interval over which the SAS and BAS are
equal depends on k. However, the I, over which the SAS of Corollary 1
exists is independent of k.

6. ERROR ANALYSIS AND EXAMPLES

Suppose y,(¢) is a solution toythe IVP

&(t) = f(t, x(1), 2(1)) -+ vx(2)
x(0) = ¢, #(0) = ¢

on the interval I, = [—a, ], where f(%, x, X) and its first partial derivatives
with respect to the last two variables are continuous on I, X R2 Assume for
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each k that o, € C[—«, «], and that the sequence {J| ¥ [}5ez, is bounded.
If y(2) is the solution to (1.1) on I, , then

max {| ) —y? I3 < Nolo CRY

where N* is a nonnegative constant not depending on k. The proof of this
inequeality involves a standard Gronwall inequality argument.

Using Eq. (4.7) and inequality (6.1) the error estimate

max {ip —y9i} < N*tlel,, o<4q (6.2)

is obtained, where { p,}7_s is a sequence of SAS’s on 7, . Also | e, [, in (6.2)
is the maximum deviation that arises by employing the Remes algorithm
to obtain the SAS of degree k, see Corollary 3. Thus except for the fixed
constant N*, (6.2) provides an error estimate. Inequality (6.2} actually does
not rely on o < &, and hence may be used globally (o > &) in the compu-
tations if the data suggests that || p, ||, is bounded for large &.

We conclude this paper with several numerical examples. A Fortran IV
program using double precision arithmetic for the SIGMA 7 computer is
utilized in the calculations.

ExamMpPLE 3.

#(t) — x(2) 2(t) = — 3(sin 2¢ -+ 2 sin t), I=[-11]
x(0) = 0, #20) = 1.

If £ =5 approximation is from Py = {f = a,t? - az#® + ag* + a;t%}.
Then p;(t) = ¢ + apnt? + ant® - @ t* — a;,t° is the mth iterate of
algorithm (3.2); let A4y, = (Gan » O3, Gun » Us,). Initially, A, = (0,0, 0, 0).
Further iterations yield

Az = (0, —0.16026, 0, 0.03365),
Ase = (0, —0.17187, 0, 0.01647),
Az = (0, —0.16833, 0, 0.00953),
Az = (0, —0.16621, 0, 0.00783),
and Ay, = Agg = Az . Thus the SAS of degree 5 is
ps(t) = t — 0.166217% -+ 0.00783¢5.

The solution to this IVP is y(¢) = sin¢, and |y — p;|| = 0.00014. The
predicted error is || ¢5 || = 0.00052, where the terminology predicted error
refers to the error estimate (6.2) with the omission of the factor N*. For this
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example Corollary 1 guarantees the existence of a SAS of degree k if
a << & = 0.11 but algorithm (3.2) actually converges for o << 1. However,
convergence is faster for smaller values of a.

ExaMPLE 4.
() — 2tx(t) — 2x(r) = 0, I =1-0.7,0.7],
x(0) = 1, #0) = 0.

Since this is a linear IVP, a BAS actually can be computed [5]. The BAS
of degree four is

paX(t) = 1 + 0.88746¢2 + 0.74996¢".

Algorithm (3.2) finally yields p, = p4.15 = p,*. The solution to the IVP is
y() = e, and ||y — p,|| = 0.01739.

ExamPLE 5.
&) + 2(t — 2) (0)[x(@)]? = 0, I=1-0.7,0.7],
x0) =4,  #0) =1

The solution is y(z) = 1/(2 — t). If the algorithm is initiated at k = 3,
12 iterations yield the SAS of degree five,

p5(t) = 0.5 + 0.25¢ + 0.11988¢% + 0.05709¢% + 0.04250¢* + 0.0233523,

and || y — p;|| = 0.00177. In this case the predicted erroris| e;|| = 0.01097.

The f(t, x, X) of Examples 4-5 satisfy condition . The last example of
this paper is included to suggest that the algorithm may be effective in more
general circumstances.

EXAMPLE 6.

X(t) + »L)ch(tt))ﬁ = —sin #(1 — tan¢), I=1[-1,1],

x0) =0, #0) = L.

The solution is p(f) = sin#, and approximation is from P,. Twelve
iterations of the algorithm yield the SAS of degree five;

Ps(t) = t - 0.00001¢2 — 0.166249¢% — 0.0000174 -+ 0.00782¢5.

The predicted error is || e; ||, = 0.00049, and the actual erroris| y — p;ll. =
0.00010.
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7. CONCLUSIONS

Although the nonlinear best approximation problem (3.1) has been
extensively studied in the literature, few attempts toward computation of
best simultaneous approximation solutions have been made, basically because
the approximation problem is nonlinear. The simultanecus approximation
substitute (3.2) was introduced in [10], and Sections 2-5 of this paper provide
a theory that closely relates BAS and SAS. Finally, Section 6 demonstrates
for k sufficiently large that a SAS of degree k is often a good approximation
to the solution of TVP (1.1}, even when theoretical requirements are not
satisfied.
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